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Úó
OêL§

Poisson LLL§§§

Nõó,y��^ Poisson ©Ù£ã, g,.!7K.¥, Poisson L§~^uï�¯�3�mþ���. ~X

· �´u)!�x¢�;

· �Ï6¥��Ï¯�ê;

· /�P¹;

· &^��, ½|��, �´ªÇ�7K¯�.

§�k�Ó�Cza., 
z�Cz�^�m½�mþ���:L«. ·�'%�Å¯��ê8, ¡�OêL§.

↪→ ùaL§kü�5�:

· 3�m½�mþ�þ!5;

· �5�Cz�L��CzÃ'.

Poisson L§´7Kûü�“�m/ã”.
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Ú~. b��¦�´¾ü��Ç´z©¨ 3 g, = λ = 3.

(1) ¦1�g¾ü���m�L 0.5 ©¨�VÇ;
(2) ®�1�g¾ü���m®�L 0.5 ©¨, ¦1�g���
m�L 1 ©¨�VÇ.
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�½VÇ�m (Ω,F ,P), k½ÂOêL§(counting process).

½Â 4.2.1

� {N(t), t ≥ 0} ´ (Ω,F ,P) þ��ÅL§, XJ÷v:
∀ω ∈ Ω, Ù��¼ê

t 7→ N(t) ≡ N(t,ω)

(±VÇ 1) ´�����K�ê��, mëY�, üNO¼ê,
K¡ {N(t), t ≥ 0} �OêL§.
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OêL§¶¡�d5

~ 4.2.1 � N(t) �,>{���3 (0, t] S�����\Ogê,
K {N(t), t ≥ 0} ´OêL§. Ï~'5XeCþ:

♢ éu 0 ≤ s < t,

N(t)−N(s) � (s, t] ¥u)�>{��gê;

♢ éu t ≥ 0,

∆N(t) := N(t)−N(t−) L«3�� t >{���gê.

♯
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½Â 4.2.2

XJOêL§ {N(t), t ≥ 0} ÷v:

(1) N(0) = 0 a.s.;

(2) N(t) ´ÕáOþL§:

é?¿ t, s ≥ 0, N(t + s)−N(s) � Fs Õá;

(3) N(t) �ÙOþÑl Poisson ©Ù: é?¿ t, s ≥ 0,

P(N(t + s)−N(s) = k) =
(λt)k

k !
e−λt , k = 0, 1, 2, · · · .

K¡ {N(t), t ≥ 0} �äëê λ �(�à) Poisson L§.

Ï~, ¡ λ ´L§��Ç½rÝ.
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~ 4.2.2 ����Ç� 4 </��� Poisson ©Ù��,ûA,
®�ûAþÌ 9 :¨m�. ¦� 9:30 �=�� ��, 
�
11:30 �®�5 ���VÇ.

). ±þÌÊ:�� 0 ��, 1 ����ü �m. � t ≥ 0,
^ N(t) L« (0, t] S5����ê, K

{N(t), t ≥ 0} ´ λ = 4 � Poisson L§.

¤¦VÇ�

P(N(0.5) = 1,N(2.5) = 5)

=P(N(0.5) = 1)P(N(2.5)−N(0.5) = 4)

=2e−2 · e−884

4!
= 0.0155.

♯
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~ 4.1.1 �Ä�Å:3�m (0, t] Su)�gê, P� {N(t), t ≥ 0},
N(0) = 0. �3 (t0, t0 + t] Sk k ��Å:u)�VÇ�
t0 Ã', �

N(t0 + t)−N(t0) � N(t) Ó©Ùu P(λt).

½ÂL§ {X (t), t ≥ 0}:

X (t) =

{
1, e�Å:3 (0, t] Su)óêg,
−1, e�Å:3 (0, t] Su)Ûêg,

¦ X = {X (t), t ≥ 0} �þ�¼ê�g�'¼ê.

School of Mathematics, SHUFE Poisson L§



OêL§
Poisson L§�½Â

5�m�����m�©Ù
5��m�^�©Ù
EÜ Poisson L§

SK:µ

Poisson L§�½Â
Poisson L§��d½Â

). (k¦ X ���©Ù.)
P A :=“�Å:3 (0, t] Su)óêg”, K

P(A) = P(N(t) = 0) + P(N(t) = 2) + P(N(t) = 4) + · · ·

= e−λt

(
1+

(λt)2

2!
+

(λt)4

4!
+ · · ·

)
= e−λt eλt + e−λt

2
,

∴

P(X (t) = 1) = e−λt eλt + e−λt

2
,

P(X (t) = −1) = e−λt eλt − e−λt

2
,

l
 E[X (t)] = e−2λt .
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(Y) éu 0 < t1 < t2, Ï�

X (t1) = 1,X (t2) = 1 �du N(t1) �óê,N(t2)−N(t1) �óê,

X (t1) = −1,X (t2) = −1 �du N(t1) �Ûê,N(t2)−N(t1) �Ûê,

�âÓ©Ù�b�±9Õá5��

P(X (t1)X (t2) = 1)

=P(X (t1) = 1 = X (t2)) + P(X (t1) = −1 = X (t2))

=
1

4
(1+ e−2λt1)(1+ e−2λ(t2−t1)) +

1

4
(1− e−2λt1)(1− e−2λ(t2−t1))

=
1

2
(1+ e−2λ(t2−t1)).

aqO���

P(X (t1)X (t2) = −1) =
1

2
(1− e−2λ(t2−t1)).

l
, g�'¼ê E[X (t1)X (t2)] = e−2λ(t2−t1). ♯
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Ex14. (SK�) � {N(t), t ≥ 0} ´ëê� λ (> 0) � Poisson L
§, ¦:

(1) ��VÇ©Ù;
(2) n �VÇ©Ù.
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�{�µÕáOþ{

©)

P(N(t1) = k1,N(t2) = k2) = P(N(t1) = k1) · P(N(t2)−N(t1) = k2 − k1)

1��

P(N(t1) = k1) =
e−λt1 (λt1)

k1

k1 !

: Poisson(λt1)

1��

P(N(t2)−N(t1) = k2 − k1) =
e−λ(t2−t1) [λ(t2 − t1)]

k2−k1

(k2 − k1)!

: Poisson(λ(t2 − t1))

(J

P =
e−λt2 λk2 t

k1
1 (t2 − t1)

k2−k1

k1 !(k2 − k1)!
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�{�µ>� @ ^�

©)

P(N(t1) = k1,N(t2) = k2) = P(N(t2) = k2) · P(N(t1) = k1 | N(t2) = k2)

>�©Ù

P(N(t2) = k2) =
e−λt2 (λt2)

k2

k2 !

: Poisson(λt2)

^�©Ù

P(N(t1) = k1 | N(t2) = k2) =

(
k2
k1

)(
t1
t2

)k1
(
1− t1

t2

)k2−k1

: Binomial(k2, t1/t2)

ggg���: þã^�©Ù���?
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©)
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>�©Ù
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�
VÇ5�

1. E[N(t)] = D(N(t)) = λt;

2. Cov(N(s),N(t)) = λ(s ∧ t);

3. é?¿ t > s, n ≥ m,

P(N(t) = n|N(s) = m) = e−λ(t−s) (λ(t − s))n−m

(n−m)!
,

P(N(s) = m|N(t) = n) = Cm
n (

s

t
)m(1− s

t
)n−m.
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·K 4.2.1

��m«m [0,∞) þ�ü: a, b : a < b, N(b)−N(a) L«
(a, b] Su)�¯�ê. XJ÷v

(1) 3Ø��«mþ¯�u)�ê8�pÕá;

(2) é?¿ t, h, N(t + h)−N(t) �©Ù�� h k';

(3) �3 λ > 0, ¦�� h → 0 �,

P(N(t + h)−N(t) = 1) = λh+ o(h);

(4) � h → 0 �, P(N(t + h)−N(t) ≥ 2) = o(h),

@o {N(t), t ≥ 0} ´ëê� λ � Poisson L§.

↪→ ë�
L§�÷*ÚOA5£Poisson ©Ù¤��*ÛÜ5�£Dk5, Õá²­Oþ¤,
¦�·�Q�±lnØ©ÙÑu, ��±l�*�ÔnÅ�Ñu5½ÂÚA^ Poisson L§.
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yyy²²²ggg���: �m�¡ + Bernoulli Á�

Ø%g´

1 r [0, t] �¤ n �4���mã ∆t = t/n;
2 z� ∆t Sµ�ou) 1 g§�ou) 0 g;

3 ù n ��mãw� n gÕÕÕááá��� Bernoulli ÁÁÁ���;

4 � n → ∞ �§������©©©ÙÙÙ → Poisson ©©©ÙÙÙ.

Poisson ½n

lim
n→∞

(
n

k

)(
λt

n

)k (
1− λt

n

)n−k

=
e−λt(λt)k

k !
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�*ã«µ�* y ÷*

���***���¡¡¡

pªêâ

zÎ¦ 0 ½ 1

Bernoulli Á�

÷÷÷***���¡¡¡

FÝ/�Ýêâ

Poisson ©Ù

N(t) ∼ P(λt)

n → ∞

4�

���ddd½½½ÂÂÂëëë���


���***ÅÅÅ������÷÷÷***©©©ÙÙÙ���
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¯K�µ

,7K�Ñ9���>{�L§Ñl Poisson L§§rÝ λ = 6
Ï/��"
®�3 1 ��S���>{ê N(1) ∼ P(6)"

¯K (1)µOêÀ�

1 ��S��TTTÐÐÐ 4 ÏÏÏ>{�
VÇ´õ�º

P(N(1) = 4) =
e−6 · 64

4!
≈ 0.1339

¯K (2)µ�mÀ�

111���ÏÏÏ>>>{{{3 10 ©¨S�?5
�VÇ´õ�º

P(S1 ≤ 1/6) =?
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g�=�

Pb (1) µ���½½½���mmmSkõ�¯�º⇒ N(t)

Pb (2) µ¯̄̄���uuu)))I��õÈº⇒ Sn

School of Mathematics, SHUFE Poisson L§



OêL§
Poisson L§�½Â

5�m�����m�©Ù
5��m�^�©Ù
EÜ Poisson L§

SK:µ

ü��mS�
�mS��A^

� {N(t), t ≥ 0} �ëê� λ � Poisson L§, n ≥ 1.

�mm�S�

Xn = Sn − Sn−1, S0 = 0

X1 µ1 1 g¯�����m

X2 µ1 1 g�1 2 g��mm�

· · · ·

���mS�

Sn =
n

∑
i=1

Xi

S1 µ1 1 g¯�u)��

S2 µ1 2 g¯�u)��

· · · ·
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A��d¯�:

é?¿ t ≥ 0, n ≥ 0,

{N(t) ≥ n} = {Sn ≤ t},
{N(t) = n} = {Sn ≤ t < Sn+1}

= {Sn ≤ t}\{Sn+1 ≤ t}.
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ü��mS��©Ù

·K 4.3.1 (5��mm��©Ù)

Xn, n ≥ 1 � i.i.d., þ�� 1/λ ��ê©Ù�ÅCþS�.

·K 4.3.2: (���m�©Ù)

Sn ∼ Γ(n,λ), =Ù�Ý¼ê�

0 ≤ t 7→ λe−λt (λt)
n−1

(n− 1)!
.

AO�, X1 ≡ S1 ∼ Exp(λ).
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~ 4.3.1 (~ 4.2.2 �Y)
����Ç�4</��� Poisson ©Ù��,ûA,
®�ûAþÌ9:¨m�.

(1) ¦12 ��310:c���VÇ¶
(2) ¦11 ��39:30c���12 ��310:c���VÇ.
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�mS��A^

step 1. )¤�� i.i.d., þ�� 1/λ ��ê©Ù�ÅCþS�
{Xn, n ≥ 1};

step 2. - Sn = X1 + · · ·+ Xn: 1 n �¯�u)���;

step 3. éu t ≥ 0, ½Â

N(t) :=
{

0, t < S1,
k, Sk ≤ t < Sk+1, k ≥ 1,

K {N(t), t ≥ 0} ´ëê� λ � Poisson L§.
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��oþã�E´ Poisson L§º

¯¢þ, �'��5�
u�ê©Ù�ÃPÁ5.

1. ÕáOþ5�²­Oþ5:
ÃPÁ5��L§l?Û�� s ­#m©, �e��¯�u)��{���m©Ù��L§�Ó.
ù¿�X

3?Û�m«mS, ¯�u)�5Æ´�Ó�(²­5), �Ø��«mS�¯�ê�pÕá(ÕáOþ).

2. OêÑl Poisson ©Ù: �±|^ Gamma ©Ù�©Ù¼ê, ½|^A�¼ê/Ý1¼ê��{y².

3. ÷v�*^�:
· 34��m h S, u)�g¯��VÇCq� λh (d�ê©Ù��5Cq��).
· 34��m h S, u)üg9±þ¯��VÇ´ o(h)(�±î�y²).
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(e¡'5ü� Poisson L§�Ü6(Poisson ©Ù2)5�í2)k'�A^K.)

~ 4.3.2 ,�Æ)�� A �¿þêÆ�, ykü�\� B Ú C �±
?\ A �¿.
�3�� t(> 0) l B �?\ A �¿�Æ)<ê� N1(t),
l C �?\ A �¿�Æ)<ê� N2(t),

N1(0) = N2(0) = 0.

b� N1 = {N1(t), t ≥ 0}, N2 = {N2(t), t ≥ 0} ´ü�rÝ
©O� 0.5 Ú 1.5 �Õá� Poisson L§. Á¯:

(1) 3���½�n©¨SvkÆ)?\ A �¿�VÇ´õ�?
(2) Æ)�� A �¿��mm��þ�´õ�?
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Ex 3. (p 136) ,Õ1kü�I��±�ÉÑÖ.
þÌ9:����ù�Õ1, d�ü�I�©Ok����
3�ÉÑÖ, ,	k2���ü3��c¡���ÉÑÖ, �
¬�q5
éõ��.
b�ÑÖ�5K´k5kÑÖ, �Ò´`��k��I��
���É�ÑÖ, @oü3èÎ¥�1����êþ3dI
��ÉÑÖ.
b������ÉÑÖ��mÕáÓ©Ùuþ��20©¨�
�ê©Ù,
¯: ��310:¨�cU
�ÉÑÖ�VÇ´õ�?
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111ooo!!! 555������mmm���^̂̂���©©©ÙÙÙ

⋄ Poisson L§����Å5, �*þùÒ´,

��\��
�½�mS�¯�oê, ù
¯�3�m¶þ
�äN �ÒC�“�Á”
, §��´þ!�Å:.
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kw��Ú~.

~ 4.4.1 3 [0, t) ¥k��¯�u)�^�e, ù�¯�u)��m
X1 ´�þ!©Ù��ÅCþ.

¯¢þ, é s ≤ t,

P(X1 < s |N(t) = 1) =
P(X1 < s,N(t) = 1)

P(N(t) = 1)

=
P(3 [0, s) ¥k��¯�u), 3 [s, t) ¥vk¯�u))

P(N(t) = 1)

=
P(3 [0, s) ¥k��¯�u))P(3 [s, t) ¥vk¯�u))

P(N(t) = 1)

=
λse−λse−λ(t−s)

λte−λt
=

s

t
.

♯
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t
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Ún 4.4.1:

� Y1, · · · ,Yn � i.i.d. �ÅCþS�, Ù�Ý¼ê� f , K^SÚ
Oþ (Y(1), · · · ,Y(n)) �éÜ�Ý¼ê�

f (y1, · · · , yn) =

 n!
n

∏
i=1

f (yi ), y1 < · · · < yn,

0, Ù¦.

AO�, e Y1, · · · ,Yn ∼ U(0, t), K

f (y1, · · · , yn) =
{ n!

tn
, 0 < y1 < · · · < yn < t,

0, Ù¦.
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Poisson L§����Å5

½n 4.4.1:

3®� N(t) = n �^�e,
n ����5��� S1, · · · , Sn �
n � [0, t] þþ!©Ù�Õá�ÅCþ�^SÚOþk�Ó©Ù.
=

fS1,··· ,Sn |N(t)=n(s1, · · · , sn) =
n!
tn

, 0 < s1 < · · · < sn ≤ t.
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y. ò [0, t] ©¤ n+ 1 �«m: 0 ≤ t1 < · · · < tn < tn+1 ≤ t,
- hi ¿©�¿÷v ti + hi < ti+1 (i = 1, · · · , n), K

P(Si ∈ [ti , ti + hi ], i = 1, · · · , n|N(t) = n)

=
P(� [ti , ti + hi ] ¥Tk�¯�u)(1 ≤ i ≤ n), 2ÃÙ¦)

P(N(t) = n)

=
λh1e−λh1 · · · λhne−λhn · e−λ(t−h1−···−hn)

(λt)n

n! e−λt

=h1 · · · hn
n!
tn

.

- hi ↓ 0 (∀i), �y.

5º 4.4.1(~ 4.3.2 Y).
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y. ò [0, t] ©¤ n+ 1 �«m: 0 ≤ t1 < · · · < tn < tn+1 ≤ t,
- hi ¿©�¿÷v ti + hi < ti+1 (i = 1, · · · , n), K

P(Si ∈ [ti , ti + hi ], i = 1, · · · , n|N(t) = n)

=
P(� [ti , ti + hi ] ¥Tk�¯�u)(1 ≤ i ≤ n), 2ÃÙ¦)

P(N(t) = n)

=
λh1e−λh1 · · · λhne−λhn · e−λ(t−h1−···−hn)

(λt)n

n! e−λt

=h1 · · · hn
n!
tn

.

- hi ↓ 0 (∀i), �y.

5º 4.4.1(~ 4.3.2 Y).
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7K¢~:

⋄ pª�´: ®�,�¦3 1 ¦S¤�
 100 ), @où 100
)¤���mZ, �±w�´ù1¦Sþ!�ÅÑy�:.

⋄ ºxï�: ®��USu)
eZg½|ÀÂ¯�, 3ï�
�, �±b�§�3T�´FS´þ!�Åu)�.

⋄ �Ñ¥%: ®�����
 20 �>{, @où 20 �5>�
��Cqþ!©Ù3ù���S.
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~ 4.4.2 b�¦�U�Ç λ � Poisson L§����»�Õ. e»�
3 t ��lm, ¦ (0, t) ¥���¦�o����m�Ú�
²þ

E[
N(t)

∑
i=1

(t − Si )].
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). é?¿ n,

E[
N(t)

∑
i=1

(t − Si )|N(t) = n] = E[
n

∑
i=1

(t − Si )|N(t) = n]

=nt − E[
n

∑
i=1

Si |N(t) = n] = nt − E[
n

∑
i=1

U(i)]

(: U(1),U(2), · · · ,U(n) ´ (0, t) þþ!©Ù�^SÚOþ)

=nt − E[
n

∑
i=1

Ui ] =
nt

2
,

l


E[
N(t)

∑
i=1

(t − Si )] =
t

2
E[N(t)] =

λt2

2
.

♯
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'u���m�kXe(J(CampbellõMecke ½n�A~).

½n 4.4.2:

éu?¿ [0,∞) þ��È¼ê f , k

E[
∞

∑
n=1

f (Sn)] = λ
∫ ∞

0
f (t)dt.

(y²Ñ)A^~Xe.
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~ 4.4.4 ��Ü¤ì«ÉÀÂ, ÀÂ�Ìëê� λ � Poisson L§5
�, 1 i gÀÂE¤�ú Di , N(t) L« [0, t] S�ÀÂgê.
b½ Di , i ≥ 1 ÕáÓ©Ù�� {N(t), t ≥ 0} Õá,
b½ÀÂÚå��ú��m¥�ê/P~, =
e�gÀÂE¤�Ð©�ú� D, �m t ��E¤��ú�

De−αt , α > 0.

2b½�ú´�\�, K3 t ����ú�L«�

D(t) :=
N(t)

∑
i=1

Die−α(t−Si ),

Ù¥ Si L«1 i gÀÂ5����. ¦ÙÏ".
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,). �
f (s) = 1[0,t](s) · e−α(t−s),

K

D(t) =
N(t)

∑
i=1

Die−α(t−Si ) = ∑
i≥1

1{Si≤t} ·Die−α(t−Si ) = ∑
i≥1

Di f (Si ),

@o

ED(t) = ∑
i≥1

E[Di f (Si )] = E[D ]E[∑
i≥1

f (Si )]

= E[D ]λ
∫ ∞

0
f (s)ds = E[D ]λ

∫ t

0
e−α(t−s)ds

=
λE[D ]

α
(1− e−αt).

♯
School of Mathematics, SHUFE Poisson L§
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111888!!! EEEÜÜÜ Poisson LLL§§§

Ú~. 1 (�xn�) 8cu)
 100 å¯�, ù 100 å¯�o��

õ�a?

2 (pª�´) 5
 50 �¾ü, ù 50 �¾ü�o¤�þ´õ�?
3 (ö�ºx) XÚ�æ 5 g, ù 5 g�æo���õ���?

⋄ I����., EÜ Poisson L§,

QU£ãªÇ(Poisson), qU£ãÌÝ(�ÅCþ Yi ).
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111888!!! EEEÜÜÜ Poisson LLL§§§

Ú~. 1 (�xn�) 8cu)
 100 å¯�, ù 100 å¯�o��

õ�a?

2 (pª�´) 5
 50 �¾ü, ù 50 �¾ü�o¤�þ´õ�?
3 (ö�ºx) XÚ�æ 5 g, ù 5 g�æo���õ���?

⋄ I����., EÜ Poisson L§,

QU£ãªÇ(Poisson), qU£ãÌÝ(�ÅCþ Yi ).
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EÜ Poisson L§�½Â

½Â 4.6.1

é?¿ t ≥ 0, ½Â

X (t) =
N(t)

∑
i=1

Yi .

Ù¥, Y1,Y2, · · · � i.i.d. �ÅS�, ��ëê� λ � Poisson L
§ {N(t), t ≥ 0} Õá, K¡�ÅL§

X = {X (t), t ≥ 0} ´EÜ Poisson L§.
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�
5�:

1 ∗ X (t) �Ý1¼ê

ϕt(u) ≡ E[euX (t)] = exp{λt(ϕY (u)− 1)}.

Ù¥, ϕY (u) = E [euY ].
2 P Y �þ����©O� µY , σ2

Y , Kk

E[X (t)] = λt · EY = λt · µY ,

D(X (t)) = λt · EY 2 = λt · (σ2
Y + µ2

Y ).
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~ 4.6.1 ��Å|�¦�± Poisson L§��, ����Åê²þz
�� 5 e, �Å�k A!B!C n«a., U«1�¦�ê
©O� 180<!145<!80<.
b�ùn«�ÅÑy�VÇ�Ó, ¦3n��S��Å|�
�õ¦�ê�êÆÏ".
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). ^ Yi L«1 i e�Å�¦�ê, X (t) L« t ������
Å|�¦�ê, K

X (t) =
N(t)

∑
i=1

Yi .

l


E[Yi ] =
1

3
(180+ 145+ 80) = 135, ∀i ,

E[X (3)] = λ · 3E[Yi ] = 5× 3× 135 = 2025.

♯

5. T�.|µ½�^u(Õ1@��r½)�xn�o�¯K,
A,B,C ©O��x!ãx!Æx.
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~ 4.6.2 ∗ ,"�3$1¥¬É�EÂ, P3 (0, t] SÉ��EÂg
ê� N(t), � {N(t)} ´ëê� λ � Poisson L§.
�gEÂ�5���þ©O� ξ1, ξ2, · · · , b�§�´Õá
ÓÑlëê� β ��ê©Ù, �� N(t) Õá.
XJ��þ�u�u α(> 0) K��"�.
O�"��²þÆ·.
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). b�d"��Æ·´ η, - X (t) =
N(t)

∑
k=1

ξk , K

η = inf{t > 0 : X (t) ≥ α}.

Eη =
∫ ∞

0
P(η > t)dt =

∫ ∞

0
P(X (t) < α)dt,




P(X (t) < α) = ∑
n

P(N(t) = n)P(X (t) < α|N(t) = n)

=∑
n

P(N(t) = n)P(
n

∑
k=1

ξk < α|N(t) = n)

=∑
n

P(N(t) = n)P(
n

∑
k=1

ξk < α) (∵ {ξk} � {N(t)} Õá).
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- M(t) := sup{n ≥ 0 : ∑n
k=1 ξk ≤ t}, K {M(t)} ´ëê� β �

Poisson L§,

P(
n

∑
k=1

ξk < α) = P(M(α) ≥ n).

¤±

Eη =
∫ ∞

0
P(X (t) < α)dt

=
∫ ∞

0

∞

∑
n=0

e−λt (λt)
n

n!
P(M(α) ≥ n)dt

=
∞

∑
n=0

∫ ∞

0
e−λt (λt)

n

n!
P(M(α) ≥ n)dt.
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Ï� ∫ ∞

0
e−λt (λt)

n

n!
dt =

1

λn!

∫ ∞

0
e−uundu =

1

λ
,


 M(α) ´�K�ê��ÅCþ, ¤±

E[M(α)] =
∞

∑
n=0

P(M(α) > n) =
∞

∑
n=1

P(M(α) ≥ n),

Eη =
1

λ

∞

∑
n=0

P(M(α) ≥ n) =
1

λ
(1+ E[M(α)])

=
1

λ
(1+ αβ).

♯
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þ~�Y)Û

E[η] =
1

λ
(1+ αβ),

Ù¥ëê�¹ÂXe:

(1) λ ´²þEÂgê.
λ ��EÂgê�õ, "�É��î­, ¦^Æ·�á.

(2) β ´zgEÂ�²þ��þ��ê.
β ��, zgEÂ�²þ��þ��, ¤±Æ·��.

(3) α ´�O�#N"�É��þ�.
α ��, Æ·��.
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½n 4.6.1:

EÜ Poisson L§ X (t) =
N(t)

∑
i=1

Yi k²­ÕáOþ.

(y²Ñ)

5. T5��y
·��±^�m'~ �ºx. 'X,

1 U���´ σ2, @o 10 U���Ò´ 10σ2.

(ù3O� VaR ��~~^).
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Lundberg-Cramer ²;»��.

b��xúi3�� t �J{�L«�µ

U(t) = u + ct −
N(t)

∑
k=1

Xk , t ≥ 0

Ù¥, U(0) = u L«�xúi�Ð©J{, c ��xúiü �
m�Â��x¤Ç, �Ñ|E, K��� t ��u)�¢�¤�

ct. \È¢�7� S(t) :=
N(t)

∑
k=1

Xk ´EÜPoissonL§.
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¡
T := inf{t : U(t) < 0} (inf{∅} = +∞)

��xúiÄg»���, »�VÇ½Â�

Ψ(u) := P(T < ∞|U(0) = u), u ≥ 0.

½n 4.6.2 w�·�,

XJ�3N!Xê R > 0, K»�VÇ Ψ(u) ÷vØ�ª

Ψ(u) ≤ e−Ru, u ≥ 0.

��]�7´ºx��?�Àì.
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¡
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Ö¿~. b�,�x�Ö�N!Xê R = 0.002. i+�¦»�VÇ
7L$u 1%. ¯: Ð©]�7 u ���´õ�?
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14. (SK�) � {N(t), t ≥ 0} ´ëê� λ (> 0) � Poisson L
§, ¦:

(2) n �VÇ©Ù.

). (2) é?¿
0 = t0 < t1 < · · · < tn, k1, k2, · · · , kn ∈ Z+, k0 = 0,

P(N(t1) = k1, · · · ,N(tn) = kn)

=P(N(t1) = k1,N(t2)−N(t1) = k2 − k1, · · · ,
N(tn)−N(tn−1) = kn − kn−1)

=λkn
n

∏
i=1

(ti − ti−1)ki−ki−1

(ki − ki−1)!
e−λtn .
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13. (SKo) O� (S1, S2, S3) �éÜ©Ù.

). 5¿� (S1, S2, S3) ����

G = {(y1, y2, y3) ∈ R3 : 0 < y1 < y2 < y3},

éu?¿ 0 < s1 < t1 < s2 < t2 < s3 < t3,

P((S1,S2,S3) ∈ (s1, t1 ]× (s2, t2 ]× (s3, t3 ])

=P(s1 < S1 ≤ t1 < s2 < S2 ≤ t2 < s3 < S3 ≤ t3)

=P(N(s1) = 0,N(t1)−N(s1) = 1,N(s2)−N(t1) = 0,N(t2)−N(s2) = 1,N(s3)−N(t2) = 0,

N(t3)−N(s3) ≥ 1)

=P(N(s1) = 0)P(N(t1)−N(s1) = 1)P(N(s2)−N(t1) = 0)P(N(t2)−N(s2) = 1)

· P(N(s3)−N(t2) = 0)P(N(t3)−N(s3) ≥ 1)

=e−λs1 e−λ(t1−s1)e−λ(s2−t1)e−λ(t2−s2)e−λ(s3−t2)(1− e−λ(t3−s3))λ(t1 − s1)λ(t2 − s2)

=λ2(t1 − s1)(t2 − s2)e
−λs3 (1− e−λ(t3−s3))

=
∫ t1

s1

∫ t2

s2

∫ t3

s3
λ3e−λy3dy1dy2dy3,

�¤¦éÜ�Ý� (y1, y2, y3) 7→ λ3e−λy3 · 1{0≤y1<y2<y3}.
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11. ))). (1) � X (1) �1��¯�5g N1 ��m, X (2) �1�
�¯�5g N2 ��m, K X (i) ∼ Exp(λi ), i = 1, 2, l

(X (1),X (2)) ��Ý¼ê�

(t1, t2) 7→ λ1λ2e−(λ1t1+λ2t2)1{t1≥0,t2≥0},

l


P(1��¯�5gN1) = P(X (1) < X (2))

=
∫∫

t1<t2

λ1λ2e−λ1t1−λ2t2dt1dt2 = λ1λ2

∫ ∞

0
e−λ1t1dt1

∫ ∞

t1
e−λ2t2dt2

=λ1λ2

∫ ∞

0
e−λ1t1e−λ2t1dt1 =

λ1

λ1 + λ2
,

w,§dVÇ�� X (1) Ã'.
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(2) �mm�S�´ÕáÓ©Ù�, �¤¦VÇ�

P(N2(X
(1)
1 ) = k) =

∫ ∞

0
P(N2(X

(1)
1 ) = k |X (1)

1 = t)λ1e−λ1tdt

=
∫ ∞

0
P(N2(t) = k)λ1e−λ1tdt (:Ï� N1 � N2 �Õá5)

=
λ1λk

2

k !

∫ ∞

0
tke−(λ1+λ2)tdt =

λ1λk
2

k !(λ1 + λ2)k+1

∫ ∞

0
tke−tdt

=
λ1

λ1 + λ2

(
λ2

λ1 + λ2

)k

, k = 0, 1, · · · .

�*þ, 3L§ N1 ¥ü���¯�m, L§ N2 Ñy�gêÑl
AÛ©Ù.
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(2) �mm�S�´ÕáÓ©Ù�, �¤¦VÇ�

P(N2(X
(1)
1 ) = k) =

∫ ∞

0
P(N2(X

(1)
1 ) = k |X (1)

1 = t)λ1e−λ1tdt

=
∫ ∞

0
P(N2(t) = k)λ1e−λ1tdt (:Ï� N1 � N2 �Õá5)

=
λ1λk

2

k !

∫ ∞

0
tke−(λ1+λ2)tdt =

λ1λk
2

k !(λ1 + λ2)k+1

∫ ∞

0
tke−tdt

=
λ1

λ1 + λ2

(
λ2

λ1 + λ2

)k

, k = 0, 1, · · · .

�*þ, 3L§ N1 ¥ü���¯�m, L§ N2 Ñy�gêÑl
AÛ©Ù.
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12. eZ¯��m�'X:

(1) {N(t) < n} = {Sn > t};
(2) {N(t) ≤ n} ⊃ {Sn ≥ t};
(3) {N(t) > n} ⊂ {Sn < t};
(4) {SN(t)+1 − t > s} = {N(t + s)−N(t) = 0}.
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14. �)�� Poisson �ÅCþ. � U1,U2, · · · ´Õá� (0, 1)
þþ!©Ù��ÅCþ.
(1) e Xi = (− logUi )/λ, y² Xi Ñlëê� λ ��ê©Ù¶

y. é?¿ x ≥ 0,

P(Xi ≤ x) = P((− logUi )/λ ≤ x)

= P(Ui ≥ e−λx ) = 1− e−λx .

(2) e N ½Â�÷veª� n �:

n

∏
i=1

Ui ≥ e−λ >
n+1

∏
i=1

Ui ,
0

∏
i=1

Ui ≡ 1,

|^ (1) y² N Ñlþ�� λ �Poisson ©Ù(Á�SK�,
1 7 K'�).
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14. (Y)

y. e± Xi L« Poisson L§ {N(t)} �5��mm�, K

n

∑
i=1

Xi ≤ 1 <
n+1

∑
i=1

Xi

L«�m [0, 1) Su)
 n �¯�.

P(N = n) = P(
n

∏
i=1

Ui ≥ e−λ >
n+1

∏
i=1

Ui ) = P(
n

∑
i=1

Xi ≤ 1 <
n+1

∑
i=1

Xi )

l


P(N = n) = P(N(1) = n) =
λn

n!
e−λ.

= N Ñlþ�� λ � Poisson ©Ù.
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17. � U(1), · · · ,U(n) P n �Õá� (0, 1) þ�þ!©Ù��Å
Cþ�^SÚOþ. y²: 3®� U(n) = y �^�e,
U(1), · · · ,U(n−1) �©Ù� n− 1 �Õá� (0, y) þþ!©
Ù��ÅCþ�^SÚOþ�©Ù�Ó.

y. Äk

(U(1), · · · ,U(n)) ∼ (u1, · · · , un) 7→ n!1{u1<···<un},


 U(n) ��Ý´ y 7→ nyn−1, 0 < y < 1, ¤±

(U(1), · · · ,U(n−1)|U(n) = y)

∼ f (u1, · · · , un−1) = (n− 1)!
1

yn−1
, 0 ≤ u1 < · · · < un−1 ≤ y .
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